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Chiral induced spin selectivity (CISS) describes efficient spin filtering by chiral molecules. This phenomenon
has led to nanoscale manipulation of quantum spins with promising applications to spintronics and quantum
computing, since its discovery nearly two decades ago. However, its underlying mechanism still remains myste-
rious for the required spin-orbit interaction (SOI) strength is unexpectedly large. Here we report a multi-orbital
theory for CISS, where an effective SOI emerges from spontaneous formation of electron-hole pairing caused
by many-body correlation. This mechanism produces a strong SOI to the order of tens of milielectronvolts
which could support the large spin polarization observed in CISS at room temperature. One central ingredient
of our theory is the Wannier functions of the valence and conduction bands correspond respectively to one- and
two-dimensional representation of the spatial rotation symmetry around the molecule elongation direction. The
induced SOI strength is found to decrease when the band gap increases. Our theory may provide important
guidance for searching other molecules with CISS effects.
Introduction.— Atomic spin-orbit coupling is a rela-
tivistic quantum effect that originates from the funda-
mental quantum electrodynamics of electrons orbiting
around the nucleus. It is established that heavier atoms
tend to have stronger spin-orbit couplings as the effec-
tive coupling strength increases with the atomic number
Z as Z2 [1, 2]. Consequently, material research aiming
for strong spin-orbit effects has been mainly focusing on
materials composed of heavy atoms [2].
However, a surprisingly large spin-orbit effect has
been found in chiral organic and biological molecules
mainly composed of carbon atoms in the study of chi-
ral induced spin selectivity [3], which has received enor-
mous research efforts in the last decade [4–18]. This fas-
cinating phenomenon has been observed in a broad range
of chiral molecules, from DNA [3, 6] and protein [8], to
α-helical peptides [11, 14] and helicene [12, 16], using
a number of different experimental setups such as pho-
toelectron transmission [3, 6], transport [7, 12, 14], and
electrochemistry measurements [19]. It has far reach-
ing implications in the fundamental understanding of im-
portant biological processes such as protein-folding and
biorecognition [4]. The experimental observations im-
ply a generic underlying mechanism of spin filtering by
chiral molecules, that demands a theoretical explana-
tion. Previous theoretical studies have shown that the
experimental features can be reproduced by proper tight-
binding models with a strong SOI [20–22], although the
intrinsic spin orbit interaction in these molecules mainly
containing carbon atoms are too weak to accommodate
the observed large spin polarization, for example up to
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FIG. 1. Electron-hole paring in the three-orbital model. a,
Illustration of the three orbital (s, px, and py) model. The
valence and conduction bands have s-and p-orbital character,
respectively. The band gap is ∆. b, The Feynman diagram
that gives rise to the divergent susceptibility towards forming
electron-hole paring across the valence and conduction bands.
c, Sketch of the spin-orbit intertwined order with the spin
and angular-momentum of the electron-hole pair spontaneously
coupled.
60% using chiral peptide molecules [14]. The essential
question that remains outstanding is how the unexpect-
edly strong SOI emerges [23] beyond the conventional
consideration of the quantum electrodynamics.
In the study of atomic Bose-Einstein condensates
in optical lattices, a quantum fluctuation enabled spin-
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2momentum intertwined order has been proposed in the-
ory [24] to explain the observed spin-momentum locking
in a hexagonal lattice without bare SOI [25]. This mecha-
nism has been further generalized to a multi-orbital Bose-
Einstein condensate, where a spontaneous spin angular-
momentum intertwined order is shown to occur in a meta-
stable state for spinor Bosons residing on excited bands
of a square lattice [26]. These theoretical studies are in-
spiring, suggesting that spin-orbit coupled effects could
emerge from many-body correlation even in complete ab-
sence of single-particle SOI, although the bosonic theo-
ries do not apply to the description of electrons bearing
CISS in chiral molecules.
In this work, we assume a rotation symmetry around
the molecule elongation direction (to be refereed as z
below), and consider a setup where electronic valence
and conduction bands correspond to a one- and two-
dimensional representation of the symmetry group, re-
spectively. The Wannier functions then have s and p-
orbital character (Fig. 1). Through field theory analy-
sis and renormalization group calculation, we show the
electron correlation causes a strong instability towards
forming electron-hole pairs that spontaneously break the
spin SU(2) and reflection symmetries with preservation
of time-reversal. This spontaneous spin-orbit intertwined
order gives rise to a strong SOI having a first-quantization
form
λsoσˆz⊗ Lˆz/2, (1)
with σˆz the spin Pauli-z operator and Lˆz the angular mo-
mentum operator for p-orbitals in the conduction band.
Considering a band gap ∆, s- and p-orbital tunnelings,
ts and tp, and their interactions including density-density
interaction U , Hund’s rule coupling J, and Josephson
coupling J′ (see Methods), the induced SOI strength is
given as
λso = ∆/2−
√
∆2/4+(U− J− J′)2|φ |2/2, (2)
with |φ | the amplitude of the spin-orbit intertwined order
parameter estimated to be |φ |= 0.25×(U−J−J′)/(ts+
tp) in the small band gap limit. Taking an example of
ts+tp = 1 eV,U−J−J′ = 0.5 eV and ∆= 0, the induced
SOI reaches 50 meV, which suffices for modeling the un-
expectedly large CISS effects in chiral molecules [23].
The strength of the induced SOI decreases when the band
gap is increased. We expect this result would strongly
contribute to the understanding of spin-selective pro-
cesses in biology [4].
Our theory starts from a field theory description of the
three-orbital system (Fig. 1),
Hˆ0 =
∫
dz∑
ν ,α
Pν ψˆ†να(z)
[
h¯2∂ 2z
2mν
− ∆
2
]
ψˆνα(z). (3)
Here ν = s, px, or py index the orbitals, and α the spin de-
grees of freedom; Pν represents the parity, i.e., + and −
for s- and p-orbitals, respectively; ms and mpx = mpy ≡
mp the effective mass associated with the motional dy-
namics of the valence and conduction bands along the
molecular elongation direction. The field operators ψˆνσ
incorporates the low energy degrees of freedom of elec-
trons moving in a molecule near the band edge. Taking
a carbon atomic chain as one example, our theory cor-
responds to the Fermi energy lying in between the sp-
hybridized σ∗-bond and pi-bond. We remark that the
s-orbital in our model may represent a pz orbital in the
molecule as well, which obeys the same symmetry under
the spatial rotation around the z direction.
An immediate consequence of the field theory is that it
develops strong susceptibility towards electron-hole pair-
ing at low temperature even without interaction. This is
described by a response function, χ0sp = ∂h〈ψˆ†sα ψˆpα ′ +
H.c.〉 =
√
(m−1s +m−1p )/2∆, considering a fictitious in-
finitesimal perturbation ∆H =−h∫ dz[ψˆ†sα ψˆpα ′ +H.c.].
This response has a divergent behavior 1/
√
∆ for a small
band gap, which is caused by the interplay of the loga-
rithmic divergence of the Feynman diagram (Fig. 1) and
the van Hove singularity in one dimensional density of
states.
The divergence in the above response function indi-
cates important many-body effects in the system. Having
spin SU(2) and spatial rotation symmetries, the three in-
teraction terms including density-density interaction U ,
Hund’s rule coupling J, and Josephson coupling J′ (see
Methods) are the only allowed local interactions between
the s- and p-orbitals. Due to the multi-orbital complexity
of our model, there are 21 independent channels in the
particle-hole pairing function, Gνα,ν ′α ′ = 〈ψˆ†να ψˆν ′α ′〉.
According to symmetry properties, we group all the
particle-hole pairings into the following channels,
Bˆ js,ms,ml ;q = (−)q+1 ∑
αα ′
i2αC 1
2
1
2
(−α,α ′| js,ms)ψˆ†qα ψˆq+mlα ′
(4)
where the C 1
2
1
2
matrix contains Clebsch-Gordon coeffi-
cients, and ψˆqα is a field operator in angular momentum
basis defined by [ψˆ± ≡∓(ψˆx± iψˆy)/
√
2, ψˆ0 ≡ ψˆs]. The
symmetry properties of these operators are listed in Ta-
ble I.
3js, ms, ml Operators SU(2) Parity TRS
0,0,0 Bˆ0,0,0;0,(Bˆ0,0,0;+1 + Bˆ0,0,0;−1)/
√
2
(Bˆ0,0,0;+1− Bˆ0,0,0;−1)/
√
2
Singlet Even EvenOdd
0,0,1 (Bˆ0,0,1;0 + Bˆ0,0,1;−1)/
√
2
(Bˆ0,0,1;0− Bˆ0,0,1;−1)/
√
2
Singlet Odd EvenOdd
0,0,2 Bˆ0,0,2;−1 Singlet Even Even
1,ms ∈ {0,±1} ,0 Bˆ1,ms,0;0,(Bˆ1,ms,0;+1 + Bˆ1,ms,0;−1)/
√
2
(Bˆ1,ms,0;+1− Bˆ1,ms,0;−1)/
√
2
Triplet Even OddEven
1,ms ∈ {0,±1} ,1 (Bˆ1,ms,1;0 + Bˆ1,ms,1;−1)/
√
2
(Bˆ1,ms,1;0− Bˆ1,ms,1;−1)/
√
2
Triplet Odd OddEven
1,ms ∈ {0,±1} ,2 Bˆ1,ms,2;−1 Triplet Even Odd
TABLE I. Symmetry properties of electron-hole pairings. We have introduced quantum numbers js and ms according to the
spin SU(2) symmetry, with js equal to 0 and 1 labeling singlet and triplets. Under a spatial rotation around the z direction by
an angle θ , the operators transform as B js,ms,ml ;q → B js,ms,ml ;qeimlθ , determined by the quantum number ml . Under time-reversal
symmetry (TRS) transformation, we have B js,ms,ml ;q → (−) js+1(−)ml+msB js,−ms,−ml ;−q. The even/odd sign of TRS listed here
is determined for an operator Oˆ according to whether its corresponding Hermitian observable hOˆ + h∗Oˆ† (with h an arbitrary
complex number) is TRS even or odd. The operators with ml = 0,−1,−2 are not listed here due to the constraint that B†js,ms,ml ;q =
(−)ml+ms+1B js,−ms,−ml ;q+ml .
In order to generate effective SOI with no spin polar-
ization, we shall consider a spin-orbit intertwined order
that breaks spin SU(2) symmetry and preserves time re-
versal symmetry. From Table I, the potential candidates
are,
Oˆms ≡
1√
2
[B1,ms,−1;0−B1,ms,−1;1] , (5)
and
Oˆ ′ms ≡
1√
2
[B1,ms,0;1−B1,ms,0;−1] , (6)
whose parities are odd and even, respectively. They both
satisfy the symmetry requirement, but the parity even
operators represent parings within s or p-bands, which
do not benefit from the divergent susceptibility in our
model. We thus focus on analyzing the parity odd spin-
orbit intertwined operators Oˆms . We emphasize here
that this symmetry channel would not be possible in a
single-orbital model, where a local triplet order necessar-
ily breaks time-reversal symmetry.
Considering a weak Josephson coupling J′, the suscep-
tibility towards forming an order of Oˆms is,
χSO =
χ0sp
1− (U− J)χ0sp
(7)
under random phase approximation (see Methods). The
divergence in the susceptibility for the non-interacting
model at zero temperature persists to finite band gap and
finite temperature, provided thatU > J. This requirement
is satisfied considering a typical situation for electrons
in a molecule, that the density-density interaction is re-
pulsive and the Hund’s rule coupling is ferromagnetic.
Without Josephson coupling, i.e., J′ = 0, a degener-
ate channel—[B1,ms,−1;0+B1,ms,−1;1]/
√
2 which would
break time reversal symmetry yields a susceptibility of
an identical strength. A negative Josephson coupling
J′ < 0 would break this degeneracy, and make the time
reversal symmetric pairing more favorable. Even with-
out Josephson coupling, the presence of orbital motion
induced Zeeman splitting also selects the time reversal
symmetric pairing over the asymmetric case.
Since all parity odd pairing channels in our theory po-
tentially have a large susceptibility due to the divergence
in χ0sp, we further go beyond the random phase approx-
imation, and carry out a systematic submission of Feyn-
man diagrams using a scheme of renormalization group
flow equation, which incorporates the intertwined scat-
terings among different channels [27]. The results for the
susceptibility of forming the spin-orbit intertwined order
in Eq. 6 are shown in Fig. 2. It is confirmed that for
J < 0 and J′ < 0 the susceptibility for Oˆms diverges at
finite temperature (Fig. 2a). The divergence requires the
interaction energy to conquer the band gap barrier of the
sp-orbital pairing. We also find that having a weak anti-
ferromagnetic coupling in J still supports divergent sus-
ceptibility in Oˆms channel (Fig. 2b). For a large enough
positive J, this susceptibility is no longer divergent, but
instead meets a strong suppression at low temperature
(Fig. 2 c), which is due to a divergent susceptibility in
a different channel, Bˆ0,0,±1,q (Supplementary Informa-
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FIG. 2. Divergent susceptibility for a spin-orbit intertwined order with renormalization group calculation. The plots
correspond to different choices of interaction strengths (U , J, J′) and band gap (∆) in the tight binding model (see Methods). The
tunneling of the p-orbital electron, or one half of bandwidth of the p-band is set as the energy unit here. In (a, b, c, d), we
have (U,J,J′) = (2,−1,−0.5), (2,0.1,−0.5), (2,1,−0.5), and (2,−1,0.5), respectively, and set the s-band tunneling ts = 2. With
both of J and J′ being negative in (a), a divergent susceptibility at finite temperature (T ) in the time-reversal symmetric spin-orbit
intertwined channel (Eq. (6)) is confirmed, which agrees with the analytical results from random phase approximation. In (b, c),
we find that a positive Hund’s rule coupling J > 0 does not immediately cause suppression of the spin-orbit intertwined order—the
suppression happens when J is large enough. (d) shows that a positive Josephson coupling J′ > 0 does not support the time-reversal
symmetric spin-orbit intertwined order.
tion). A sign change in the Josephson coupling also leads
to a low-temperature suppression of Oˆms pairing (Fig. 2
d), owing to a divergent susceptibility in the time-reversal
odd channel of [B1,ms,−1;0+B1,ms,−1;1]/
√
2 (Supple-
mentary Information).
A divergence in the susceptibility χSO implies the cor-
relation length of 〈Oˆ†ms(z)Oˆm′s(z′)〉 reaches the size of the
molecule. Taking mean field approximation, the opera-
tor Oˆms acquires a finite expectation value, 〈Oˆms〉 ≡Φms .
The free energy of the order parameter takes an SU(3)
symmetric form as shown in Methods. The pairings with
different ms quantum numbers 0,±1 are degenerate, al-
though they lead to two distinctive many-body states,
analogous to the spin-1 polar and ferromagnetic super-
fluids in spinor condensate [28] or liquid Helium [29].
Further considering a circular motion induced Zeeman
splitting for electrons [22], we have a perturbative cou-
pling ∆H = δ
∫
dz
[
iψ†x↑ψy↑− iψ†x↓ψy↓+H.c.
]
. Despite
its insufficient strength to model CISS [22, 23], this term
determines a spin quantization axis, and triggers an or-
der (Φ+1 ≡ φ ,Φ0 = 0,Φ−1 = 0) to minimize to total free
energy in our theory, from which a strong SOI emerges
from electron correlation,
HSOI = U−J−J
′
4
√
2
∫
dz
[
iφΨ†(z)σ+⊗L−Ψ(z)+H.c.
]
,
(8)
with Ψ ≡ [ψ1,↑,ψ0,↑ψ−1,↑,ψ1,↓,ψ0,↓ψ−1,↓]T , σ+ and L−
the standard spin-1/2 and spin-1 angular momentum ma-
trices (see Methods).
This correlation induced coupling breaks spin SU(2)
and reflection symmetries with the time reversal sym-
metry unbroken. Through a unitary transformation into
the quasi-particle basis, the induced coupling in the con-
duction band takes a more standard SOI form given in
Eq. (2).
We remark here that Mermin-Wegner theorem does
not forbid the long-range order formation in our setup as
the continuous symmetries of spatial rotation and the spin
SU(2) are all weakly broken considering the real geome-
try of a chiral molecule and the circular motion induced
Zeeman splitting.
Discussion.— We have developed a novel quantum
mechanism for strong SOI to emerge from many-body
correlation effect. This provides an alternative origin
for SOI, other than the fundamental quantum electrody-
namics, which is particularly crucial to the understanding
of the large CISS observed in chiral organic molecules,
where the bare SOI is too weak for modeling the exper-
imental observation. Our theory may provide important
guidance for future searching of other chiral molecules
with CISS, and potentially contributes to the fundamen-
tal understanding of spin-selective biological processes.
Since SOI plays an important role in topological
physics in general, we expect the mechanism of corre-
5lation induced SOI may also shed light on engineering of
topological devices such as Majorana quantum comput-
ing qubits and also neutral-atom based quantum simula-
tions of topological physics where the bare SOI is absent.
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Tight binding model. The tight binding Hamiltonian corresponding to the field theory in Eq. (3) is
H0 =
∆
2∑jα
[
c†pxα, jcpxα, j+ c
†
pyα, jcpyα, j− c†sα, jcsα, j
]
+ ts∑
jα
[
c†sα, jcsα, j+1+ c
†
sα, jcsα, j−1−2c†sα, jcsα, j
]
(9)
− tp ∑
jα,ν=px,py
[
c†να, jcνα, j+1+ c
†
να, jcνα, j−1−2c†να, jcνα, j
]
,
with j the site index of the tight binding model, ts and tp the nearest neighboring tunneling of the s- and p- orbitals,
and cνα the lattice annihilation operator associated with ψνα . The energy dispersion of the tight binding model is
εν(k) = 2tν(1− cosk)Pν . The tunneling parameters relate to the effective mass in the field theory as m−1ν = 2tν/h¯2,
taking the lattice constant as a length unit.
Taking spin SU(2) and rotation symmetries, the local electron interaction between s- and p-orbitals involves a
density-density term,
U∑ jC
†
ν , jCν , jC
†
s, jCs, j
the Hund’s rule coupling,
J ∑
ν=px,py
C†ν , j~σCν , j ·C†s, j~σCs, j,
and a Josephson coupling,
J′∑
j
[(
c†px↑, jc
†
px↓, j+ c
†
py↑, jc
†
py↓, j
)
cs↓, jcs↑, j+H.c.
]
,
where we have introduced compact notation, Cν , j ≡ [cν ,↑, j,cν ,↓, j]T . The intra-orbital interaction within the valence
band or the conduction band is not included here because only the inter-band interactions contribute strongly to the
divergent susceptibility considering the divergence in χ0sp.
Renormalization group flow. In the calculation of susceptibility, we use the scheme of renormalization group flow
to carry out a systematic resubmission of higher order Feynman diagrams, in order to capture the complex intertwined
scatterings among different channels in our theory. Having SU(2) symmetry, the one particle irreducible (1PI) four
point function
Γν1α1,ν2α2;ν3α3,ν4α4 = 〈ψν1α1ψν2α2ψ†ν3α3ψ†ν4α4〉1PI, (10)
takes a restricted form
Γν1α1,ν2α2;ν3α3,ν4α4 (11)
=Vν1ν2ν3ν4δα1α4δα2α3 −Vν2ν1ν3ν4δα1α3δα2α4
This function takes real values according to the time-reversal symmetry. Further considering rotation symmetry, the
nonzero ones areVssss,Vxxxx=Vyyyy,Vssxx=Vssyy=Vxxss=Vyyss,Vsxsx=Vsysy=Vxsxs=Vysys,Vxssx=Vyssy=Vsxxs=Vsyys,
Vxxyy = Vyyxx, Vxyxy = Vyxyx, Vyxxy = Vxyyx. These four point functions are obtained by solving a renormalization group
flow equation [27],
∂lV (ν1,ν2,ν3,ν4)
=∑
νν ′
{
−Π˙ppνν ′Vν1ν2νν ′Vνν ′ν3ν4 +2Π˙phνν ′Vν1ν ′νν4Vνν2ν3ν ′ (12)
−Π˙phνν ′
[
Vν1νν3ν ′Vν ′ν2νν4 +Vνν2ν3ν ′Vν ′ν1νν4 +Vν1ν ′νν4Vν2νν3ν ′
]}
.
7Here l is a parameter running from 0 from +∞, and Π˙ represents derivatives Λ∂Λ of the functions,
Πppνν ′(Λ) =
∫ dk
2pi
n f (−εν(k))−n f (εν ′(k))
εν(k)+ εν ′(k)
[Θ<(εν(k))Θ<(εν ′(k))]
Πphνν ′(Λ) =
∫ dk
2pi
n f (εν(k))−n f (εν ′(k))
εν(k)− εν ′(k)
[Θ<(εν(k))Θ<(εν ′(k))]
where n f (ε) is the Fermi-Dirac distribution function, and Θ<(ε) = |ε|/[Λ]e|ε|/[Λ]−1 , with Λ = Λ0e
−l , introduced to continu-
ously integrate out high energy modes in the renormalization group flow. For the initial condition at l = 0, Λ0 is set
to be much larger than the bandwidth, and the four point functions are initialized as Vssxx = Vssyy = Vxxss = Vyyss = J′,
Vsxsx =Vsysy =Vxsxs =Vysys =−2J, Vxssx =Vyssy =Vsxxs =Vsyys =U−J, with others initialized at 0 in absence of intra-
band interaction. The generated intra-band interactions in the renormalization group flow are kept in our calculation.
Calculation of susceptibility. In presence of an external perturbation δH =
∫
dz∑ναν ′α ′ hνα,ν ′α ′ψ
†
ναψν ′α ′ , the
susceptibility is obtained from linear response theory,
χν1α1,ν2α2;ν3α3,ν4α4 =
∂ 〈ψ†ν2α2ψν3α3〉
∂hν1α1,ν4α4
=−δσ1σ3δσ2σ4δν1ν3δν2ν4Πphν1ν2(Λ0) (13)
− Γν1σ1,ν2σ2;ν3σ3,ν4σ4Πphν1ν4(Λ0)Πphν2ν3(Λ0)
where the self-energy corrections are neglected following a standard approximation in simplification of functional
renormalization group flow [27]. The first term in Eq. (13) is the non-interacting part, and the specification to ν1 =
ν3 = s and ν2 = ν4 = px (or py) leads to the expression of χ0sp at the zero temperature limit. The susceptibilities in the
channels of Bˆ js,ms,ml ;q (Eq. (4)) have a block diagonal form,
χ jsmsml (q,q
′) = (14)
∑U jsmsmlq;ν4σ4,ν1σ1U
∗
jsmsmlq′;ν2σ2,ν3σ3χν1σ1,ν2σ2;ν3σ3,ν4σ4
The symbol ∑ performs summation over the indices ν1σ1, ν2σ2, ν3σ3, and ν4σ4. The unitary transformation is deter-
mined according to the definition of Bˆ operators as,
U jsmsmlq;νσ ,ν ′σ ′ = (−)q+1i2σC 12 12 (−σ ,σ
′| jsms)T ∗qνTq+ml ,ν ′ (15)
with T the matrix corresponds to transformation of s- and p-orbitals into the angular momentum basis (Eq. (4)). The
susceptibility towards the order formation in Oˆms channels is obtained as
χSO = χ1ms,−1(0,0)−χ1ms,−1(0,1) =−Πphsp(Λ0)− [Vsxxs(l→+∞)−Vxxss(l→+∞)][Πphsp(Λ0)]2. (16)
The numerical results shown in the main text are obtained by solving the full flow equation. The analytic expression in
Eq. 7 is obtained in the framework of renormalization group flow by solving the flow equation keeping the divergent
(∼ ∆−1/2) contributions only, yielding ∂lVxssx =−Π˙phspV 2xssx.
Free energy of the spin-orbit intertwined order. Having a diverging correlation length in 〈Oˆ†ms(z)Oˆm′s(z′)〉 implies
the operator acquires an expectation value 〈Oˆms〉 = Φms , which is a three-component complex field. From SU(2)
symmetry, the associated Ginzburg Landau free energy reads as
F =−rΦ†Φ+ c0(Φ†Φ)2+ c2(Φ†~LΦ) · (Φ†~LΦ)+O(|Φ|6), (17)
with Lx, Ly, Lz the standard spin-1 representation matrix of SU(2) group. To relate to our Fermionic theory, the
phenomenological couplings r, c0 and c2 are calculated with a Hubbard-Stratonovich transformation as
r = [J+ J′−U ]+
∫ dk
2pi
[J+ J′−U ]2
εp(k)− εs(k) ,
c0 =
1
2
∫ dk
2pi
[J+ J′−U ]4
[εp(k)− εs(k)]3 . (18)
8In our theory, the coefficient c2 vanishes for an accidental symmetry, causing an emergent SU(3) symmetry in the
free energy. Then all states with the same order parameter amplitude
√
Φ†Φ are degenerate in energy, although there
are two distinctive states analogous to the polar and ferromagnetic phases in spin-1 superfluids [28, 29]. The order
parameter strength is then given by
√
r
2c0
, and its small band gap limit is given in the main text.
However the above degeneracy is lifted by considering a circular motion induced Zeeman splitting for electrons,
which is described by a Hamiltonian
∆H = δ
∫
dz
[
iψˆ†x↑ψˆy↑− iψˆ†x↓ψˆy↓+H.c.
]
. (19)
This leads to a symmetry-breaking term in the Free energy,
∆F =−δ∑
ms
ms|Φms |2
∫ dk
2pi
[εp(k)− εs(k)]−2. (20)
Minimizing the total free energy leads to Φ+ = φ , Φ0 =Φ− = 0 for δ > 0. The remaining unbroken U(1) symmetry,
φ → φeiθ , corresponds to the rotation symmetry around the z direction.
Quasi-particle Hamiltonian. Having an order Φ+ = φ , Φ0 = Φ− = 0, the bare electrons turn into dressed quasi-
particles, whose Hamiltonian reads as HQP = H0+HSOI, with
HSOI =−(U− J− J′)
∫
dz
[
φ ∗Oˆ+1(z)+H.c.
]
. (21)
Its explicit form in terms of ψˆ operators is given in Eq. (8), where we have invoked spin-1/2 and spin-1 matrices
σ+ =
[
0 2
0 0
]
,L− =
 0 0 02 0 0
0 2 0
 . (22)
The eigenmodes describing quasi-particles are introduced through a unitary transformation, ˜ˆψ+↑(k)˜ˆψ0↓(k)
˜ˆψ−↑(k)
=
 1 0 00 cos(ϑk/2)eiϕ/2 −sin(ϑk/2)e−iϕ/2
0 sin(ϑk/2)eiϕ/2 cos(ϑk/2)e−iϕ/2
 ψˆ+↑(k)ψˆ0↓(k)
ψˆ−↑(k)
 , (23)
 ˜ˆψ+↓(k)˜ˆψ0↑(k)
˜ˆψ−↓(k)
=
 cos(ϑk/2)e−iϕ/2 sin(ϑk/2)eiϕ/2 0−sin(ϑk/2)e−iϕ/2 cos(ϑk/2)eiϕ/2 0
0 0 1
 ψˆ+↓(k)ψˆ0↑(k)
ψˆ−↓(k)
 , (24)
with cosϑk = [εp(k) − εs(k)]/
√
[εp(k)− εs(k)]2+2(U− J− J′)2|φ |2, sinϑk = (U − J −
J′)|φ |/√[εp(k)− εs(k)]2+2(U− J− J′)2|φ |2, ϕ = arg(−iφ ∗). We emphasize that the renormalized modes
˜ˆψml ,α still mainly carry their original spin moment and angular momentum.
The induced quasi-particle Hamiltonian associated with the conduction band is then obtained to be
HSOI =
∫ dk
2pi
λso(k)
2
[
˜ˆψ†+↑(k) ˜ˆψ+↑(k)+ ˜ˆψ
†
−↓(k) ˜ˆψ−↓(k)− ˜ˆψ†−↑(k) ˜ˆψ−↑(k)− ˜ˆψ†+↓(k) ˜ˆψ+↓(k)
]
, (25)
with a momentum dependent SOI strength
λso(kz) = [εp(kz)− εs(kz)]/2−
√
[εs(kz)− εp(kz)]2/4+(J−U− J′)2|φ |2/2.
Near the band edge, the induced SOI strength further simplifies to the expression given in Eq. (2).
9Supplementary Information
S-1. SYMMETRY PROPERTIES
In this supplementary section, we provide more details of our symmetry analysis. In the basis of ψˆqα , the anti-unitary
time-reversal symmetry transformation (T ) is represented as [30],
T ψˆqαT −1 = i−2α(−1)qψˆ−q,−α , (S1)
T ψˆ†qαT
−1 = i2α(−1)qψˆ−q,−α . (S2)
(S3)
The spatial parity transformation (P) is represented as
PψˆqαP† = (−1)qψˆq,α . (S4)
Under spatial rotation (Rθ ) around the z-axis, we have
Rθ ψˆqαR†θ = ψˆqe
iqθ (S5)
Then the corresponding symmetry properties of the composite operators B js,ms,ml ;q are derived as listed in Table I in
the main text.
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FIG. S1. The susceptibility corresponding to the channel of
[
B0,0,1;0−B0,0,1;−1
]
/
√
2 with renormalization group calcu-
lation. The plots correspond to different choices of interaction strengths (U , J, J′) and band gap (∆) in the tight binding model
(see Methods). The tunneling of the s-orbital electron, or one half of bandwidth of the s-band is set as the energy unit here. In (a,
b, c, d), we have (U,J,J′) = (2,−1,−0.5), (2,0.1,−0.5), (2,1,−0.5), and (2,−1,0.5), respectively. This susceptibility remains
non-divergent at low temperature in a, and b. In c, and d, we find a divergent susceptibility, which causes the strong suppression of
spin-orbit intertwined order at low temperature shown in the main text.
S-2. SUSCEPTIBILITIES IN OTHER CHANNELS
In this supplementary section, we provide other relevant susceptibility channels which affect the spin-orbit intertwined
order in the functional renormalization group flow. In Fig. S1, we provide the susceptibility corresponding to a time-
reversal odd spin singlet channel,
[B0,0,1;0−B0,0,1;−1]/
√
2. (S6)
In Fig. S1(a, b), this susceptibility does not diverge at low temperature, which then does not cause suppression of the
spin-orbit intertwined order as shown in Fig. 2(a, b) in the main text. In Fig. S1(c, d), the susceptibility diverges at
10
low temperature, which causes the strong suppression of the spin-orbit intertwined order at low temperature as shown
in Fig. 2(c, d).
In Fig. S2, we provide the susceptibility corresponding to a time-reversal odd spin triplet channel,
[B1,ms,−1;0+B1,ms,−1;1]/
√
2. (S7)
This susceptibility is non-divergent in Fig. S2(a, b, c). In Fig. S2(d), this susceptibility diverges.
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FIG. S2. The susceptibility corresponding to the channel of
[
B1,ms,−1;0 +B1,ms,−1;1
]
/
√
2. The parameter choices are the same
as in Fig. S1. This susceptibility remains non-divergent at low temperature in a, b and c. In d, we find the susceptibility diverges.
